Spectral efficiency and energy efficiency are important design criteria for green communications systems and networks. In this paper, spectral efficiency and energy efficiency are addressed for communications over parallel Gaussian broadcast channels as the channels are orthogonal in frequency. The maximum sum rate is used in measuring spectral-and energy-efficiency. First, the maximum efficiency is obtained through two separated optimization problems. With a fixed transmit power allocation, the optimal bandwidth assignment is given and a procedure is provided to determine the total bandwidth for maximum spectral efficiency. With a fixed bandwidth assignment, the optimal transmit power allocation is given and a procedure is provided to determine the total transmit power for maximum energy efficiency.
trum usage and energy consumption are rapidly increasing. Spectral efficiency allows the network to maximize utilization of assigned frequencies to provide better services for more users. It is measured as the communication data rate per unit bandwidth used. Energy efficiency allows the network to minimize energy consumption for transferring certain amount of information. It is measured as the communication data rate per unit of power. Energy efficiency is critical to limit excessive power usage in the network and to reduce the operational expenditure.
For parallel Gaussian broadcast channels, the maximum communication data rate is characterized by the sum capacity of channels from the transmitter to the multiple receivers. When channels orthogonal in frequency are used for different receivers, the capacity region is smaller than the Shannon capacity region of the Gaussian broadcast channel. Nevertheless, the parallel broadcast technique is desirable to simplify the receiver design and it is adopted, for example, in the orthogonal frequency division multiplex access (OFDMA) networks. Yu and Cioffi [4] considered the problem of maximization of the achievable sum rate of frequency-parallel Gaussian multiple-access channels. The frequency spectrum was divided into discrete frequency bins to be assigned to different users with dedicated power spectral density. They showed that the discrete bin-assignment has a convex relaxation and proposed a low-complexity algorithm for the twouser case. With parallel channels, the duality between the Gaussian multiple-access channel and broadcast channel is straightforward [5] . Hoo et al. [6] considered the problem of maximization of the achievable sum rate of frequency-parallel Gaussian broadcast channel. With a relaxation that allows time sharing of each subchannel, they provided a convex formulation to find the optimal subchannel assignment and its energy distribution. Computational complexity was reduced by restricting the energy distribution to be constant across the used subchannels. Tse [7] gave the optimal power allocation that maximizes the sum rate of communication over parallel Gaussian broadcast channels. Gupta and Toumpis [8] determined the optimal power allocation for parallel Gaussian multiple-access channels and then derived the allocation for parallel Gaussian broadcast channels using the duality. Wunder and Michel [9] discussed the optimal resource allocation that maximizes the sum rate over parallel Gaussian broadcast channels with receiver-specific rate constraints. In this paper, a frequency-parallel Gaussian broadcast channel is studied where there is only a single transmitter with its power constraint. The achievable sum rate is maximized with optimal bandwidth assignment and transmit power allocation among multiple users while satisfying a minimum rate requirement for each user. The analytical expression of the maximum sum rate is derived to facilitate further analysis on the spectral and energy efficiency.
With a total bandwidth W and a total transmit power P that are used, the optimal bandwidth assignment and transmit power allocation provide the maximum sum rateR(W, P ). The transmitter determines the amount of W and P in order to maximize the spectral efficiencŷ R/W and the energy efficiencyR/P . As spectral efficiency and energy efficiency do not coincide, Xiong et al. [10] established a spectral efficiency-energy efficiency tradeoff framework in downlink OFDMA networks. They provided a tight upper bound and a tight lower bound on the efficiency curve and developed a near-optimal resource allocation algorithm. The energy-efficient resource allocation was further addressed in both downlink and uplink of OFDMA networks [11] .
Deng et al. [12] formulated the spectral efficiency-energy efficiency optimization problem as a multi-objective optimization problem. The problem was then converted into a signal-objective optimization problem by normalizing and combining spectral efficiency and energy efficiency.
A global optimal solution was derived with the transmit power. Amin et al. [13] used a multiobjective optimization approach for the resource allocation problem of spectral efficiency-energy efficiency tradeoff. It was applied to the power allocation of OFDM subcarriers with imperfect channel estimation. Tang et al. [14] proposed resource efficiency as a combined metric of spectral efficiency and energy efficiency in an OFDMA network with different transmission-bandwidth requirements. The resource efficiency optimization problem was formulated and solved by a gradient-based optimal power adaptation method. Tsilimantos et al. [15] studied the spectral efficiency-energy efficiency tradeoff in the cellular network downlink over orthogonal channels.
With a specific date rate demand of each user, the spectral efficiency and the energy efficiency are related to the throughput that is based on the outage capacity. The efficiency optimization problem was analyzed in a single cell and extended to a multi-cell environment using stochastic geometry.
In this paper, the spectral efficiency-energy efficiency optimization problem is addressed for parallel Gaussian broadcast channels. This can be the downlink of an OFDMA network where a base station transmits to multiple user equipment devices. Each user has an individual requirement of the minimum date rate. From an information-theoretic perspective, the sum of maximum achievable data rates is used in measuring spectral efficiency and energy efficiency.
These can be regarded as the tight upper-bounds of the spectral-and energy-efficiency defined with the throughput, while they provide insights on determining the efficient total bandwidth and total transmit power. First, the spectral efficiency-energy efficiency problem is divided into two optimization problems with fixed transmit power allocation and fixed bandwidth assignment, respectively. Given a transmit power allocation and a total bandwidth, the optimal bandwidth assignment is derived that maximizes the sum rate. With the total bandwidth being a design variable, a practical method is developed to find the optimal total bandwidth that maximizes the spectral efficiency. Given a bandwidth assignment and a total transmit power, the optimal power allocation is derived that maximizes the sum rate. With the total transmit power being a design variable, a practical method is developed to find the optimal total transmit power that maximizes the energy efficiency. Practical data traffic with or without the minimum rate requirements is discussed that affects the maximum efficiency result. Secondly, a combination of the spectral-and energy-efficiency is maximized with joint bandwidth assignment and transmit power allocation.
The optimal solution that maximizes the sum rate has the interesting feature that, as each user's minimum rate requirement is satisfied, all the extra resource of spectrum and transmit power is dedicated to the one user with the best channel quality. The combined efficiency is balanced by a weight factor and may not be monotonic or quasiconcave. With extreme values of the weight factor, practical methods are developed to find the optimal total bandwidth and the optimal total transmit power that provide the best efficiency.
The remainder of the paper is organized as follows. In Section II, a system model is provided for the spectral-and energy-efficiency of parallel Gaussian broadcast channels and the optimization problem is formulated. In Section III, with a fixed transmit power allocation, the optimal total bandwidth with its assignment is obtained that maximizes the spectral efficiency. In Section IV, with a fixed bandwidth assignment, the optimal total transmit power with its allocation is obtained that maximizes the energy efficiency. In Section V, the combined efficiency is maximized with joint bandwidth assignment and transmit power allocation. Methods are provided to find the optimal total bandwidth and total transmit power. In Section VI, numerical results illustrate the optimal solutions of the spectral-and energy-efficient transmission. Finally, conclusions are drawn in Section VII.
II. SYSTEM MODEL AND PROBLEM FORMULATION
The downlink of a wireless communication cell is considered where a base station (BS) transmits to multiple user equipment (UE) devices. The BS transmits to the multiple UEs over channels orthogonal in frequency. Let K = {1, 2, . . . , K} be the set of the active UEs. With parallel Gaussian channels, the maximum achievable data rate of the kth UE (∀k ∈ K) is given by
where w k is the bandwidth assigned to and p k is the transmit power allocated to the transmission to the kth UE. The channel from the BS to the kth UE is flat-fading with channel gain |h k | 2 .
N 0 is the noise power spectral density. I k is the interference from a common interferer to the cell that is perceived by the kth UE, which can be expressed as
where P I , W I and |h I k | 2 are the interferer transmit power, bandwidth (assuming completely overlap with the cell bandwidth), and interference channel to the kth UE, respectively. This interference can be regarded as the cross-tier interference, for instance, in a heterogeneous network setting. Define g k as the gain-to-interference-plus-noise-density ratio that is given by
Suppose that g k is known to the BS and it is referred to as the "channel quality". The maximum achievable data rate can be written as
The spectral efficiency of the cell downlink is defined as the amount of sum rate that the BS can transmit per unit bandwidth in bps/Hz. That is
where
W is the total assigned bandwidth in the cell and W M is the maximum allowed bandwidth for BS transmission. The energy efficiency of the cell downlink is defined as the amount of sum rate that the BS can transmit per unit of power in bps/W or bits/Joule.
P is the total transmit power. 1 P M is the maximum transmit power that the BS can deliver. To guarantee the quality of service, there is a minimum rate requirement R k of the kth active UE,
The problem of spectral-and energy-efficient transmission is to maximize Γ SE and Γ EE over W , P and appropriately chosen {w k } and {p k }. It can be formulated as
is a multi-objective optimization problem. In general, Patero optimality needs to be addressed for a multi-objective optimization. As this problem has special features in practice, in the following sections, it will be first treated as two separated problems and then as a joint problem. The two separated problems are to determine bandwidth assignment with fixed power allocation and to determine transmit power allocation with fixed bandwidth assignment.
III. OPTIMAL BANDWIDTH ASSIGNMENT WITH FIXED POWER ALLOCATION
Given the transmit power allocation {p k } k∈K , for a total bandwidth W that is used by the BS for transmission, the optimization problem of bandwidth assignment to the active UEs can be formulated as
The maximum achievable rate r k = w k log 2 (1 + p k g k /w k ) is strictly increasing and concave in w k > 0, for any given positive p k and g k . (Proof is provided in Appendix A.) Therefore, 1 In general, the power consumption P includes transmit power PT and circuit power PC . That is, P = PT /ζ + PC , where ζ is the power amplifier efficiency to generate transmit power PT . In this paper, the power consumption is simplified as the total transmit power. a minimum required bandwidthw k can be derived from R k using numerical methods and the inequality constraints become w k ≥w k , ∀k ∈ K. Problem P 2 is a convex optimization problem.
The solution of P 2 and its property are summarized in the following theorem.
Theorem 1: For a total bandwidth W ≤ W M , the bandwidth assignment problem P 2 is a convex optimization problem with its optimal solution given bŷ
where (x) + represents max(x, 0), q k = p k g k , and ρ is an intermediate variable that makesŵ k 's satisfy the total bandwidth constraint.
Define Set I as the set of UEs that are assigned with their minimum required bandwidth, i.e.ŵ i =w i , ∀i ∈ I ⊆ K. The maximum spectral efficiency with a total bandwidth W is given
where W 0 = k∈Kw k , R 0 = k∈K R k , and
Γ SE (W ) is continuously differentiable, and it is either strictly decreasing or strictly quasiconcave in W ≥ W 0 . In addition, the maximum achievable sum rateR(W ) = WΓ SE (W ) is continuously differentiable, strictly increasing and concave in W ≥ W 0 .
Proof: See Appendix A.
Given a total bandwidth W , with Theorem 1, the optimal bandwidth assignment can be calculated asŵ
For the construction of Set I, it starts with an empty set. If the bandwidth of the kth UE calculated by (13) is less than the minimum required bandwidth, i.e.ŵ k <w k , the kth UE is included in Set I. The comparison process repeats for the rest of the UEs using (13), taken into account that (13) is modified every time a new UE is included in Set I. This process completes whenŵ j ≥w j , ∀j ∈ K \ I. As revealed in (12) and (13), the bandwidth assigned to an active UE is either the minimum required bandwidth or a part of the remaining bandwidth (W − i∈Iw i ) that is proportional to the product q j of transmit power and channel quality.
This can be visualized as a bandwidth "water-filling" process in Fig. 1 . The kth UE occupies a bandwidth area with width q k . Its initial area is the minimum required bandwidthw k , hence a heightw k /q k . The total bandwidth W is the shaded area in the figure. When the total bandwidth W > W 0 , the bandwidth water level raises to ρ. In this example, I = {4}, ρ <w i /q i , ∀i ∈ I and ρ ≥w j /q j , ∀j ∈ K \ I.
Without the minimum rate requirements. e.g. elastic data traffic, given a total bandwidth W , the optimal bandwidth assignment and the maximum spectral efficiency are, respectivelŷ
In this case,Γ SE (W ) is strictly decreasing in W . It is futile to discuss maximizing the spectral efficiency by changing the total bandwidth W . Nevertheless, the maximum sum rateR(W ) is strictly increasing in W . Without considering the spectral efficiency, it is intended that all of the available bandwidth W M is used for transmission. Given a total transmit power P = k∈K p k , the maximum sum rate is achieved when all of the power is allocated to transmission to the UE that has the best channel quality. If the transmit power is evenly allocated to transmission to each UE, the optimal bandwidth allocation is proportional to the channel qualities. The optimal bandwidths and the maximum data rate are given bŷ
where |K| denotes the cardinality of Set K.
With the minimum rate requirements, e.g. video services, becauseΓ SE (W ) is either strictly decreasing or strictly quasiconcave in W and lim W →∞ΓSE (W ) = 0, the maximum spectral efficiency is achieved either with the minimum required bandwidths or with some finite W . Aŝ
is continuously differentiable, its first derivative is given by
where Φ(x) = ln(1 + 1/x) − 1/(1 + x) and ρ 0 = min k∈K (w k /q k ). It is assumed that {w k /q k } are distinct. Nevertheless, this result holds for multiple-order minimum ofw k /q k 's. For example, if there is a multiple-order minimumw k /q k =w l /q l , it can be shown that Φ(ρ 0 ) is modified as
The derivative ofΓ SE (W ) is used to find the total bandwidth W that maximizes the spectral efficiency. First, the sign of
the maximum spectral efficiency is achieved when assigning the minimum required bandwidth to each UE. Then, when W 0 Φ(ρ 0 ) − R 0 ln 2 > 0, the unique zero-crossing point of dΓ SE (W )/dW is sought that corresponds to a bandwidth W that maximizes the spectral efficiency. Note that, if a part of the UEs do not have minimum rate requirements, i.e.w k = 0 for some k,
As total bandwidth W increases from W 0 , the critical levels of total bandwidth W at which Set I changes are found as follows. Define ρ k =w k /q k , ∀k ∈ K as the "water-level marks".
be sorted in ascending order and denoted as ρ 1 ≤ ρ 2 ≤ · · · ≤ ρ K , where ρ k corresponds tow k , q k and R k , i.e. ρ k =w k /q k . The total bandwidth starts at the minimum level
According to the bandwidth water-filling solution, the critical levels of W are the ones at which the water level reaches the water-level marks. In an ascending order, the critical levels are given by
According to (10) and (18), at the critical bandwidth levels W J−1 , J = 1, 2, . . . , K, the maximum spectral efficiency and its derivative are given bŷ
The bandwidth interval that contains the optimal total bandwidth in terms of spectral efficiency can be determined by examining the signs of the derivatives. When
Within the bandwidth interval, the parameters of (18) are fixed. With the bisection method, the optimal total bandwidth W opt can be found as the root of Θ(W ) which is given by
The procedure of finding the optimal total bandwidth W opt that maximizes Γ SE along with its user assignmentŵ k , ∀k ∈ K is sketched in Algorithm 1.
Algorithm 1 Find optimal total bandwidth and its assignment that maximize Γ SE 0. If there is no minimum rate requirement for any UE, i.e.w k = 0, ∀k ∈ K, the optimization problem is invalid. Otherwise, there are some non-zero {w k }. Calculatew k from R k , ∀k ∈ K; 7. With W opt , calculate the optimal bandwidth assignment using (9) and the maximum spectral efficiency using (10).
IV. OPTIMAL TRANSMIT POWER ALLOCATION WITH FIXED BANDWIDTH ASSIGNMENT
Suppose that the bandwidth assignment {w k } k∈K are given such that k∈K w k = W ≤ W M .
In this case, the transmit power allocation needs to be optimized in order to maximize the energy efficiency Γ EE under the constraints of minimum rate requirements and maximum BS total transmit power. In order to meet the minimum rate requirement, the transmit power for the kth UE needs to satisfy
For a total transmit power P that is used by the BS for transmission, the optimization problem of transmit power allocation to the active UEs can be formulated as
The maximum achievable rate r k = w k log 2 (1 + p k g k /w k ) is strictly increasing and concave in p k , for any given positive g k and w k . Problem P 3 is a convex optimization problem. The solution of P 3 and its property are summarized in the following theorem.
Theorem 2: For a total transmit power P ≤ P M , the transmit power allocation problem P 3 is a convex optimization problem with its optimal solution given bŷ
and (x) + represents max(x, 0) and µ is an intermediate variable that makesp k 's satisfy the total transmit power constraint.
Define Set I as the set that contains the UEs transmitting with their minimum required power, i.e.p i =p i , ∀i ∈ I ⊆ K. The maximum energy efficiency with a total transmit power P is given byΓ
Γ EE (P ) is continuously differentiable, and it is either strictly decreasing or strictly quasiconcave in P ≥ P 0 .
Proof: See Appendix B.
For a fixed P , the optimal power allocation is given by the water-filling solution. This can be visualized in Fig. 2 . The kth UE occupies a power area with width w k . The initial water level is α k = 1/g k +p k /w k . The total transmit power P is the shaded area in the figure.
When the total power P > P 0 , the power water level raised to 1/µ, where 1/µ = (P − P 0 + j∈K\I w j α j )/ j∈K\I w j . In this example, I = {4}, 1/µ < α i , ∀i ∈ I and 1/µ ≥ α j , ∀j ∈ K \ I. Γ EE (P ) is either strictly decreasing or strictly quasiconcave in P > P 0 . IfΓ EE (P ) is strictly decreasing, the optimal total transmit power P in terms of energy efficiency is the minimum BS transmit power that satisfies the minimum rate requirements for the active UEs. That is
there is a unique global maximum at finite transmit power P .
As total transmit power P increases from P 0 , the critical levels of total power P at which Set I changes are found as follows. Let {α k } K k=1 be sorted in the ascending order and denoted as α 1 ≤ α 2 ≤ · · · ≤ α K , where α k corresponds to g k ,p k and w k , i.e. α k = 1/g k +p k /w k . As P increases from P 0 , according to the transmit power water-filling solution, the critical levels of P are the ones at which the water level 1/µ reaches α 1 , α 2 , . . . , α K in its order. In an ascending order, the critical levels are given by
According to (30), at the critical levels of total transmit power P J−1 , J = 1, 2, . . . , K, the maximum energy efficiency is given bŷ
AsΓ EE (P ) is continuously differentiable, its first derivative can be calculated and used to find the total transmit power P that maximize the energy efficiency. The derivative ofΓ EE (P )
is given by
As P > 0, the sign of dΓ EE (P )/dP is determined by the sign of Λ(P ) which is defined as
Let Λ J−1 denote Λ(P J−1 ) with critical power level P J−1 , J = 1, 2, . . . , K. It can be calculated that
If Λ 0 ≤ 0, the optimal total transmit power to maximize energy efficiency is P opt = P 0 with transmit power allocationp k =ǩ k , ∀k ∈ K. In the situation when Λ J−1 > 0 and Λ J ≤ 0, J UEs with smallest α's are assigned extra transmit power beyond their minimum required power to achieve maximum energy efficiency. The optimal total transit power is in the interval (P J−1 , P J ].
Within the interval, the parameters of (30) are fixed. The maximum energy efficiency can be written asΓ
The derivative ofΓ EE (P ) in this interval is given by
The sign of the derivative is determined by the sign of Θ(P ) which is given by
As Θ(P J−1 ) > 0 and Θ(P J ) ≤ 0, the root of Θ(P ), P ∈ (P J−1 , P J ] can be found using the bisection method.
The procedure of finding the optimal total transmit power P opt that maximizes Γ EE along with its user allocationp k , ∀k ∈ K is sketched in Algorithm 2.
Algorithm 2 Find optimal total transmit power and its allocation that maximize Γ EE 0. Calculate minimum transmit powerp k from minimum rate requirement R k , ∀k ∈ K;
1. Calculate α k = 1/g k +p k /w k , where g k , w k , ∀k ∈ K are given;
2. Sort {α k } in ascending order as {α k } K k=1 ; 3. Calculate the critical levels of total transmit power P J−1 , J = 1, 2, . . . , K using (33). The power levels can be neglected if they are beyond P M ; 4. CalculateΓ EE (P J−1 ) using (34) and Λ J−1 using (37), starting with J = 1 and stopping when Λ is negative;
6. When Λ J−1 > 0 and Λ J ≤ 0, the optimal total transmit power is in interval (P J−1 , P J ].
Establish Set I. Find P opt as the root of Θ(P ) in (43) using the bisection method;
7. With P opt , calculate the optimal transmit power allocation using (27) and the maximum energy efficiency using (38).
V. JOINT OPTIMAL BANDWIDTH ASSIGNMENT AND TRANSMIT POWER ALLOCATION
When the bandwidth and the transmit power need to be optimized simultaneously for downlink transmission efficiency, Problem P 1 is formulated that is a multi-objective optimization problem.
A multi-objective problem can be solved by combining its multiple objectives into a singleobjective scalar function with a positively weighted convex sum of the objectives. The minimizer of this single-objective function is an efficient solution for the original multi-objective problem such that its image belongs to the Pareto front [16] . The cost function of the optimization problem is a weighted sum of the spectral efficiency Γ SE and the energy efficiency Γ EE as
where θ is a weight factor that balance the spectral efficiency and energy efficiency in the cost function. In practice, the weight factor θ can be set according to (1 − θ)/θ = γW M /P M . Hence, the combined cost function is given by
It has the unit of the energy efficiency. When the spectrum resource is abundant with a large W M , the emphasis is on the spectral efficiency to save occupied bandwidth. When the power resource is abundant with a large P M , the emphasis is on the energy efficiency to save power used for transmission [14] . Suppose that the weight factor γ absorbs W M /P M , i.e. γ ← γW M /P M and that it is known. For a total used bandwidth W and a total used transmit power P , the optimization problem of simultaneous bandwidth assignment and transmit power allocation becomes
Suppose that the channel qualities {g k } are distinct and are sorted in the descending order
is a concave function of {w k } and {p k }. Therefore, Problem P 4 is a convex optimization problem.
Theorem 3: For a total used bandwidth W ≤ W M and a total used transmit power P ≤ P M , the joint bandwidth assignment and transmit power allocation problem P 4 is a convex optimization problem. The optimum is achieved as follows.
1) The K − 1 UEs with channel qualities g i , i = 2, 3, . . . , K, are transmitted to at their minimum rate R i , i = 2, 3, . . . , K. All of the remaining resource of spectrum and transmit power is used for transmission to the one UE with the best channel quality g 1 .
2) The bandwidth assigned to and the transmit power allocated to the ith UE (i = 2, 3, . . . , K) are respectively
where W 0 (·) is the principal branch of the Lambert W function. The bandwidth assigned to and the transmit power allocated to the UE with g 1 are respectively
The intermediate coefficient ψ satisfies
3) The maximum combined efficiency is
Proof: See Appendix C.
For i = 2, 3, . . . , K, it is revealed in (46) that w i is strictly decreasing in ψ > 0. Therefore, p i is strictly increasing in ψ > 0. From (47), we have lim ψ→0 p i = R i ln 2/g i . With the maximum rater 1 of the UE with channel quality g 1 , i.e.r 1 = w 1 log 2 (1 + p 1 g 1 /w 1 ), (50) can be written as
The bandwidth assigned to this UE can be solved as
Let us denotew 1 = R 1 ln 2/(W 0 (
) + 1) andp 1 as the bandwidth and the transmit power, respectively, that would just meet the minimum rate requirement R 1 of UE 1. Becauser 1 ≥ R 1 , the feasible value of ψ is in the interval ψ ∈ [ψ min , ψ max ], where ψ min is found wheň
If ψ min > ψ max , the minimum rate requirements R k , k ∈ K cannot be simultaneously satisfied with total bandwidth W and total transmit power P . For ψ min ≤ ψ max , it follows from (53) that
The left side of (54) is strictly increasing and the right side of (54) is strictly decreasing in
It has a unique zero-crossing point in [ψ min , ψ max ] and ψ can be obtained using numerical methods such as the bisection method.
For particular total used bandwidth W and total used transmit power P that satisfy the minimum rate requirements
, there is a unique ψ that corresponds to the maximum combined efficiency given in (51). As W or P changes, ψ changes. With ψ(W, P ) obtained for a series of of W and P , its partial derivatives ∂ψ/∂W and ∂ψ/∂P can be calculated.
The maximum combined efficiency max(Γ EE + γΓ SE ) is continuously differentiable in W and P , where any (W, P )-pair is in the feasible set that satisfies the minimum rate requirements.
For an arbitrary weight factor γ, the maximum combined efficiency may not be monotonic or quasiconcave in W or in P . When γ → ∞, the emphasis is on the spectral efficiency Γ SE , which is either strictly decreasing or strictly quasiconcave in W . When γ → 0, the emphasis is on the energy efficiency Γ EE , which is either strictly decreasing or strictly quasiconcave in P .
In this case, if the total bandwidth W is small, it is more likely that Γ EE is strictly decreasing in P . Sufficient transmit power is required to meet the minimum rate requirements. If the total bandwidth W is large, it is more likely that Γ EE is quasiconcave in P . Adequate bandwidth can be used to meet the minimum rate requirements. The proof is similar to the previous ones on maximum spectral efficiency with fixed power allocation and maximum energy efficiency with fixed bandwidth assignment.
The derivative-based methods can be used to find the optimal total bandwidth that maximizes Γ SE as γ → ∞ and the optimal total transmit power that maximizes Γ EE as γ → 0. The partial derivative of the maximum combined efficiency over W as γ → ∞ is given by ∂ ∂W
where ψ(W, P ) is obtained following Theorem 3, ∂ψ(W, P )/∂W is calculated, and
For each P , the sign of the partial derivative of the maximum combined efficiency over W is determined by the sign of Λ W (W, P ), which is defined as
At a particular P , if Γ SE is strictly decreasing and Λ W < 0, ∀W , the optimal total bandwidth is the minimum required bandwidth W
0 . If Γ SE is quasiconcave, the optimal total bandwidth is found at the zero-crossing point Λ W (W * , P ) = 0.
The partial derivative of the maximum combined efficiency over P as γ → 0 is given by
where ψ(W, P ) is obtained following Theorem 3 and ∂ψ(W, P )/∂P is calculated. For each W , the sign of the partial derivative of the maximum combined efficiency over P is determined by the sign of Λ P (W, P ), which is defined as
At a particular W , if Γ EE is strictly decreasing and Λ P < 0, ∀P , the optimal total transmit power is the minimum required transmit power P (W ) 0
. If Γ EE is quasiconcave, the optimal total transmit power is found at the zero-crossing point Λ P (W, P * ) = 0.
VI. NUMERICAL RESULTS
A downlink over parallel Gaussian channels is simulated where a BS transmits to three (K = 3)
active UEs. In the first setting, the product of transmit power and channel quality {q k } are randomly chosen from (0, 10] and are supposedly known. There are minimum rate requirements {R k }, hence minimum required bandwidths {w k }. The total used bandwidth W ranges from 10 to 20. The top figure of Fig. 3 shows the sum of maximum achievable data rate R(W ) with various bandwidth assignments. The red solid curve represents the rum rateR(W ) when optimal bandwidth assignment is applied. The bottom figure of Fig. 3 shows the spectral efficiency Γ SE (W ) with various bandwidth assignments. The red solid curve is quasiconcave that representŝ Γ SE (W ) with optimal bandwidth assignment. Fig. 4 reveals the search of the optimal total bandwidth W that maximizes the spectral efficiency. The top figure showsΓ SE (W ) and its special positions when the total bandwidth reaches critical levels W 1 and W 2 . The bottom figure shows the first derivative dΓ SE (W )/dW and its special positions at W 1 and W 2 . In this example, the zero-crossing point of the derivative is within interval [W 0 , W 1 ), which corresponds to a W that maximizesΓ SE .
In the second setting, the channel quality {g k } are randomly chosen from (0, 10] and are supposedly known. The bandwidth is arbitrary assigned with a total W randomly chosen from (0, 15]. There are minimum rate requirements {R k }, hence minimum required transmit power {p k }. The total transmit power increases starting from P 0 . The top figure of Fig. 5 shows the sum of maximum achievable data rate R(P ) with various transmit power allocations. The red solid curve represents the rum rateR(P ) when optimal transmit power allocation is applied.
The bottom figure of Fig. 5 shows the energy efficiency Γ EE (P ) with various transmit power allocations. The red solid curve is quasiconcave that representsΓ EE (P ) with optimal transmit power allocation. Fig. 6 reveals the search of the optimal total transmit power P that maximizes the energy efficiency. The top figure shows the maximum energy efficiencyΓ EE (P ) at P with optimal transmit power allocation. The special positions when the total transmit power reaches critical levels P 1 and P 2 are indicated. The bottom figure shows Θ(P ) which determines the sign of the first derivative dΓ EE (P )/dP . In this example, the maximum energy efficiency is within interval (P 0 , P 1 ]. Only Θ(P ) within this interval needs to be calculated and the zero-crossing point corresponds to a P that maximizesΓ EE .
In the third setting, the channel quality {g k } are randomly chosen from (0, 10] and the minimum rate requirements {R k } are randomly chosen from (0, 10]. The total bandwidth is W = 10 and the total transmit power is P = 20. Bandwidth assignment and transmit power allocation are jointly adjustable as long as w k = W , p k = P and the minimum rates are satisfied. Fig. 7 shows the maximum achievable sum rate with any arbitrary bandwidth assignment. Fig. 8 is a contour plot of the maximum achievable sum rate and the red star indicates the peakR(W, P ) with joint optimal bandwidth assignment and transmit power allocation. The calculation ofR(W, P ) is included in (51).
As total bandwidth W and total transmit power P vary, Fig. 9 shows the maximum achievable sum rateR(W, P ) with joint optimal bandwidth assignment and transmit power allocation.
R(W, P ) increases as W or P increases. Fig. 10 shows the maximum combined efficiency as weight factor γ = 0.01. Hence, the emphasis is on the energy efficiency Γ EE . For any total Fig. 7 . Maximum achievable sum rate with arbitrary bandwidth assignment, given the total bandwidth and the total transmit power. with joint optimal bandwidth assignment and transmit power allocation.
25 Fig. 9 . Maximum achievable sum rateR(W, P ) with joint optimal bandwidth assignment and transmit power allocation.
bandwidth W , the red solid curve indicates the peakΓ EE with the optimal total transmit power that maximizes the energy efficiency. The optimal total transmit power is found by the derivativebased method. Fig. 11 shows the sign indicator of the derivative, Λ P (W, P ). The zero-crossing line corresponds to the optimal total transmit power. Fig. 12 shows the maximum combined efficiency as weight factor γ = 100. Hence, the emphasis is on the spectral efficiency Γ SE . For any total transmit power P , the red solid curve indicates the peakΓ SE with the optimal total bandwidth that maximizes the spectral efficiency. In this simulation example, the optimal total bandwidth is found as the minimum required total bandwidth because Λ W (W, P ) < 0, ∀W .
VII. CONCLUSION
Over parallel Gaussian broadcast channels, the problem of spectral-and energy-efficient transmission is formulated with maximum bandwidth and transmit power constraints and minimum rate requirements of the individual users. The spectral efficiency and energy efficiency are indicated by the sum of maximum achievable data rates per unit occupied bandwidth and per unit transmit power, respectively. With a fixed transmit power allocation or a fixed bandwidth assignment, the problem is separated into two convex optimization problems. For each problem, the optimal bandwidth assignment or the optimal transmit power allocation is given by a waterfilling solution. With minimum data rate requirements of the users, the maximum spectral efficiency is quasiconcave in W and the maximum energy efficiency is quasiconcave in P .
Practical procedures are provided to find W opt that maximizes the spectral efficiency and P opt that maximizes the energy efficiency. Joint optimal bandwidth assignment and transmit power allocation are derived to maximize the sum rate and the combined efficiency. The optimal solution guarantees the minimum rate requirement of each user while dedicating the extra spectrum and power resource to the one user with the best channel quality. With emphasis on spectral efficiency or energy efficiency, a practical method is developed to find W opt or P opt that provides the best efficiency.
APPENDIX A PROOF OF THEOREM 1
The maximum achievable data rate with bandwidth w, transmit power p and channel quality g is given by r = w log 2 1 + q w
where q = pg > 0. The first and second derivatives of r with respect to w are
Let Φ(x) = ln(1 + 1/x) − 1/(1 + x), ∀x > 0. Because lim x→∞ Φ(x) = 0 and dΦ(x)/dx = −x/(1 + x) 2 < 0, ∀x > 0, we have Φ(x) > 0, ∀x > 0. The first derivative is positive dr/dw > 0 using x = w/q. The second derivative is negative d 2 r/dw 2 < 0. Therefore, r is strictly increasing and concave in w > 0. It follows that, given q k and the minimum required rates {R k }, the minimum required bandwidths {w k } can be numerically obtained. Problem P 2 is a convex optimization problem with inequality constraints w k ≥w k , ∀k ∈ K.
Using the Karush-Kuhn-Tucker (KKT) conditions, we have (∀k ∈ K)
As λ k acts as a slack variable, it can be eliminated that yields
Set I is the set of UEs that are assigned with their minimum required bandwidths. As Φ(x) = ln(1+1/x)−1/(1+x) is a strictly decreasing function of x > 0, for any two UEs (∀k, l ∈ K \I) to satisfy (67), it requires that
At the same time, ρ <w i /q i , ∀i ∈ I in order to satisfy (66). The optimal bandwidth assignment is given byŵ
There two equations can be combined aŝ
When the total bandwidth is the minimum required bandwidth W 0 = k∈Kw k , the spectral efficiency isΓ SE (W 0 ) = R 0 /W 0 . Given a total bandwidth W > W 0 , the maximum spectral efficiency with the optimal bandwidth assignment iŝ
It can be shown that lim W →W + 0Γ
SE (W ) =Γ SE (W 0 ). Since r k is strictly increasing with w k and the optimal bandwidth assignment {ŵ k } is the waterfilling solution, the maximum sum rate and the assigned bandwidth of each UE are nondecreasing with the total bandwidth W . Consider the derivative ofR(W ) for W > W 0 . Increasing the total bandwidth by ∆W , if Set I has no change, the limit is
If Set I contracts due to the increase in total bandwidth W by ∆W , for example, the kth UE is just excluded, 2 the new sets are expressed as I = I \ {k} and J = K \ I = J ∪ {k}.
The bandwidth assigned to the kth UE is w k = lim ∆W →0 + w k | W +∆W = w k | W =w k . With the optimal bandwidth assignment, we have
Therefore,
The existence of the same limits indicates thatR(W ) is continuously differentiable in W > W 0 and the first derivative is given by
As 0 < ρ < ∞, dR(W )/dW > 0. The second derivative is given by
2 With multiple UEs simultaneously being excluded from Set I due to the increase in total bandwidth by ∆W , the limit can be calculated using a similar approach with ∆w k = (q k / j∈J qj)∆W .
Therefore,R(W ) is strictly increasing and concave in W > W 0 . The first derivative at W = W 0 exists and can be calculated as Denote the superlevel sets ofΓ SE (W ) as
For
is strictly concave in W . Therefore,Γ SE (W ) is strictly quasiconcave in W [17] . In addition, sinceR(W ) is strictly concave in W , we have
It follows thatΓ SE (W ) is either strictly decreasing or strictly quasiconcave in W ≥ W 0 .
APPENDIX B PROOF OF THEOREM 2
Problem P 3 is a convex optimization problem. Using the KKT conditions, we have (∀k ∈ K)
Set I is the set of UEs that transmit with their minimum required transmit power. Therefore, the optimal transmit power allocation is given bŷ
With the total power constraint, we have
There equations can be combined aŝ
Given a total transmit power P , the maximum energy efficiency with the optimal power allocation isΓ
Since r k is strictly increasing with p k and the optimal transmit power allocation {p k } is the water-filling solution, the maximum sum rate and the allocated transmit power for each UE are nondecreasing with the total transmit power P . Consider the derivative ofR(P ) for P ≥ P 0 .
Increasing the total power by ∆P , if Set I has no change, the limit is 
∆P
j∈K\I w j log 2 1 + ∆P P − i∈Ip i + j∈K\I w j /g j = 1 ln 2 · j∈K\I w j P − i∈Ip i + j∈K\I w j /g j .
If Set I contracts due to the increase in total transmit power P by ∆P , for example, the kth UE is just excluded, the new sets are expressed as I = I \ {k} and J = K \ I = J ∪ {k}.
With the optimal transmit power allocation, we have 
The existence of the same limits indicates thatR(P ) is continuously differentiable in P ≥ P 0 .
Accordingly, the energy efficiency with optimal transmit power allocationΓ EE (P ) =R(P )/P is continuously differentiable in P .
As P ≥ P 0 , dR(P )/dP > 0. The second derivative is given by d 2R (P ) dP 2 = − j∈J w j (P − P 0 + j∈J w j α j ) 2 ln 2 < 0.
Therefore,R(P ) is strictly increasing and concave in P ≥ P 0 .
Denote the superlevel sets ofΓ EE (P ) as
For β ≥ 0, S β = {P ≥ k∈Kp k | βP −R(P ) ≤ 0}. S β is strictly convex in P becauseR(P )
is strictly concave in P . Therefore,Γ EE (P ) is strictly quasiconcave in P [17] . In addition, since R(P ) is strictly concave in P , we have lim P →∞Γ EE (P ) = lim P →∞R (P ) P = 0.
It follows thatΓ EE (P ) is either strictly decreasing or strictly quasiconcave in P ≥ P 0 .
other K − 1 UEs are in Set I which are transmitted to with their minimum data rates. Suppose that UE k ∈ K \ I. From (97) and (98), we have (∀i ∈ I)
If follows that g k > g i , ∀i ∈ I. The only UE that is transmitted to with a data rate more than its required minimum data rate is the UE with the best channel quality g k = max{g 1 , g 2 , . . . , g K }.
Suppose that the minimum rate of each UE can be satisfied by the total used bandwidth W and the total used transmit power P . The bandwidth assigned and the transmit power allocated for the kth UE are respectively w k = W − i∈I w i > 0 and p k = P − i∈I p i > 0. The sum rate maximization problem becomes the maximization of the achievable rate of the kth UE with the best channel quality q k . It is simplified as
maximize {w i },{p i } r k = (W − i∈I w i ) log 2 1 + (P − i∈I p i )g k W − i∈I w i subject to w i log 2 1 +
It can be shown that r k is a concave function of {w i } and {p i }. The maximum can be found by taking the gradient ∇r k = 0, which yields 
where W 0 (·) is the principal branch of the Lambert W function. From (101), ψ can be expressed as
Since the maximum rate of the kth UE is given bŷ
and p k = 
Solving for w k , we have
Therefore, the maximum rate of the kth UE is given bŷ
and the maximum sum rateR(W, P ) is given bŷ
